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Abstract 
The term mode graph was introduced in 2000 to define a connected graph G such 
that, for every pair of vertices v, win G, the number of vertices with eccentricity e(v) is 
equivalent to the number of vertices with eccentricity e(w), that is, [{e(v)}[ = [{e(w)}[. 
Recently, as a natural extension to this work, the concept of an antimode graph was 
introduced to represent the generalized case of the graph G in which, [{e(w)}[ =I [{e(v)}[ 
where w ~ {e(v)} . 
In this paper we examine the properties of some classes of antimode graphs, namely, 
equisequential and (a,d)-antimode graphs and conclude by presenting some open problems. 
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1 Introduction 
All graphs considered in this paper are finite, simple and undirected. The set of vertices and 
edges of a graph G will be denoted by V(G) and E(G), respectively. 
The d,tstance between two vertices u and v in a graph G, is the smallest number of edges 
traversed from u to v and is written d(u, v). The maximum distance from u to any other vertex 
in the graph is called the eccentricity of u, written e(u). The maximum of all eccentricities is 
the diameter while the minimum of all eccentricities is called the radius. 
Those vertices whose eccentricity equals the diameter make up the periphery of the graph 
and those vertices whose eccentricities equal the radius are collectively known as the centre. 
The eccentric sequence of a graph, ES(G), is the sequence of integers representing all the 
eccentricities in the graph. A graph in which all eccentricities are the same is called self-
centered. If a graph is not connected, every vertex is assigned an eccentricity of 00 so all 
disconnected graphs are self-centered. Refer to [3] for other graph terms. 
In [2] the authors define a mode vertex of a graph G as a vertex whose eccentricity occurs 
at least as often in the eccentric sequence of G as the occurrence of the eccentricity of any 
other vertex. The authors go on to define the mode of a graph as the subgraph induced by 
the mode vertices and a mode graph as a graph whose vertices are all mode vertices. 
In other words, a mode graph is a conne~ted graph G such that, for every pair of vertices 
V,w in G, l{e(v)}1 = l{e(w)}l. For example, all even paths Pn which can be represented by 
the eccentric sequence ES(Pn ) = ((n _1)2, (n - 2)2, ... , (n/2 2 )) are mode graphs where the 
cardinality of eccentricity is 2. 
Following on from the definition of antimagic graphs as introduced by Hartsfield and 
Ringel in [4], Ryan[7] defined antimode graphs in which, for each 
v,w E V(G), w ¢ {e(v)} ----? l{e(w)}1 i= l{e(v)}l. 
From this definition he followed the lead of Bodendiek and Walther in [1], in which they 
defined (a, d)-antimagic graphs and introduced (a, d)-antimode graphs, represented by the 
eccentric sequence (e~, e~+d, ... ,e~+(S-l)d) where d is an integer and a, a positive integer. In 
these graphs, a is the cardinality of the centre (with eccentricity ed, a + d is the cardinality 
of the eccentricity set e2 and so on. Note that when d = 0 the graph G is a mode graph, so 
that in a sense, (a, d)-antimode graphs are a generalisation of mode graphs. In the same vein, 
self-centered graphs may be considered a special case of mode graphs and hence of antimode 
graphs as well. 
Occasionally, it is useful to record the number of unique eccentricities in the eccentric 
sequence of a graph. If this number is N (1 ::; N ::; diam( G)) we may refer to the graph as 
an (a, d)-antimodeN graph. 
In the next section we consider antimode graphs in which each superscript of the ecccentric 
sequence is equal to its corresponding eccentricity. In Section 3 we examine more general 
(a, d)-antimode graphs. In Section 4 we conclude by presenting open problems. 
2 Equisequential antimode graphs 
Graphs with eccentric sequences of the form (e~l , e~2 , ... , e~') are referred to as equisequential 
antimode graphs. In other words, the eccentricity of the centre (respectively, periphery) 
determines the size of the centre (respectively, periphery) and likewise for the intervening 
eccentricities. The unique vertex of Kl has eccentricity 0 and so is not an equisequential 
antimode graph. Our first result shows that there are no graphs of the form (e~l) (except for 
the disconnected graph on infinite vertices). 
Lemm;,l 2.1. There are no self-centered equisequential antimode graphs. 
Proof. Consider a graph with x vertices each of eccentricity x, then there must be at least one 
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path of length x (representing the shortest distance between two eccentric vertices). However 
the longest path on a connected graph of x vertices is of length x-I. o 
Boland et al. proved in [2] that the only mode tree is the even path. Interested as 
to whether there would be a corresponding result for antimode graphs, we looked first at 
equisequential antimode graphs. We discovered that K 1,2 and the unique tree on 5 vertices 
with maximum degree ~ = 3 denoted, T5 , are the only two equisequential antimode trees. 
Lemma 2.2. There are no equisequential antimode trees except for K 1,2 and T5 . 
Proof. Any tree T is either central or bicentral [5], so the only possible equisequential antimode 
tree apart from the two mentioned must have eccentric sequence (22, 33,44). Since the centre 
of a tree is always the same as the centre of the longest path in the tree, the path on 5 vertices, 
P5, must be bicentral. This is impossible. o 
The principal result of this section is 
Theorem 2.1. There exists an equisequential antimode graph for any eccentric sequence of 
the form rad(G), rad(G) + 1, ... , 2x rad(G). 
Proof. The proof is by construction. Figure 1 a) gives the construction for rad(G) = 2, while 
Figure 1 b) shows the construction for rad( G) = 3. It is clear that we can add as many degree 
2 vertices to the central C4 .as we like and, likewise as many degree 2 vertices to the inner 
C3 as we like. The rest of the eccentricity sets are made up of the required number of leaves 
making sure that there is at least one vertex from each of the eccentricity sets (r + 2, ... ,2 x r) 
on each side of the centre (see Figure 2). 0 
a) radius 2 b) radius 3 
Figure 1: Equisequential antimode graphs. 
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Figure 2: Maximal equisequential antimode graphs. 
Having shown the existence of equisequential antimode graphs with maximum diameter 
we then turn to those of minimal diameter. For graphs with eccentric sequence rad(G), 
rad(G)+l, rad(G)+2 we initially discovered the graph shown in Figure 3. 
Figure 4 illustrates the construction of equisequential antimode graphs with eccentric 
sequence of cardinality 3 for r = rad( G) for both odd and even r. 
Case r' is odd. 
We begin with the cycle of length 2r + 1 with eccentricity sequence (rT, (r + 1)X, (r + 2)Y). 
Where r = 3,5,7, ... , x = 2r(T~1)1 and y = r + 1- x. 
The vertices with eccentricity r are all consecutive, bordered on each side by ~ vertices 
with eccentricity r + 1, the vertices with eccentricity r + 2 make up the rest of the cycle. The 
middle vertex with eccentricity r has a path of length 2 and a pendant vertex attached. The 
eccentricities on the bottom half of the cycle are achieved by adding P2 on alternate vertices 
as you travel from the top of the graph and pendent vertices on alternate vertices starting at 
the first vertex with eccentricity r when traveling towards the top of the graph as shown in 
Figure 4, until we achieve the required eccentricities. 
Extra P2 and pendent vertices can be attached to any vertex with eccentricity r that 
already has a P2 or pendent vertex attached to make up the required numbers. 
Figure 4 clearly shows that for rad(G):::::: l(mod 2) unicyclic graphs exist, which, given the 
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scarcity of trees are the sparsest such graphs. 
Case 7' is even. 
We begin with the C4 where each vertex has eccentricity T. Join the ends of P2(T-l) to the 
opposite vertices in the C4 to form a second cycle of length 2r + 1. The two cycles described 
have the eccentricity sequence (rT, (r+1)X, (r+2)Y). There are T;4 vertices with eccentricity r 
on each side of the C4 cycle followed by ~ of the vertices with eccentricity r + 1 the remaining 
y vertices will all have eccentricity r + 2. 
For r = 4,6,8, ... , x = 2r(T~1)1 + 2 and y = r+2 - x. 
Attach P2 to the vertices in C4 of degree greater than 2 and then on alternate vertices as 
you travel from the top of the graph and pendent vertices on alternate vertices starting at 
the last vertex with eccentricity r + 1 traveling towards the top of the graph as demonstrated 
in Figure 4 until we achieve the eccentricities required. Extra P2 and pendent vertices can be 
attached to any vertex with eccentricity r that already has a P2 or pendent vertex attached 
to make up the required numbers. 
We were unable to discover any unicyclic equisequential antimode graphs when rad( G) :::::: 
O(mod 2) except for the case rad(G) = 4 (Figure 3). 
Whether such graphs exist is still an open problem. 
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Figure 3: {4,5,6} Equisequential antimode graph. 
While we know that there are no self-centered equisequential antimode graphs and we 
know the case for graphs with cardinality of eccentric sequence equal to 3, there is still no 
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information on equisequential graphs with eccentric sequence of the form rad( G), rad( G)+ 1 
except for the trees mentioned in Lemma 2.2. 
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Figure 4: {r, r + 1, r + 2} Equisequential antimode graphs. 
(a,d )-antimode graphs 
While equisequential antimode graphs appear to be too restrictive to be of sustained interest 
, 
we can relax the condition that the superscript equal the eccentricity to the constraint that the 
superscripts form an arithmetic sequence. Even if we restrict the superscripts to a consecutive 
sequence of integers, the freedom to choose the starting number for the sequence allows for 
self-centered graphs and trees. 
Our next result follows the style of Theorem 1 in [2]. 
Theorem 3.1. Any graph G can appear as an induced subgraph of an (a,d)-antimode graph 
M, with the set of eccentricities in G the same as the set of eccentricities in M. 
Proof· Consider first the case when d = 1. Let G be a graph with ES(G) = {eP1 eP2 ePn} 1 , 2 , ... , n . 
Choose c = maxj{pj - j} (or the first such j that attains this maximum), then for each ei 
we wish to add i + c - Pi vertices. It is clear that this new sequence is a consecutive sequence 
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of numbers beginning from 1 + c. To demonstrate the method of adding new vertices, choose 
ei such that Pi - i < c. Then we can add a vertex v to G by joining v to a vertex u with 
eccentricity ei and also joining v to all other vertices adjacent to u. Now e(v) = i and the 
eccentricities of all other vertices remain the same. This process can be repeated i + c - Pi 
times for each i until we obtain a (a, 1 )-antimode graph. 
For d > 1 choose c = maxj{pj - dj} and repeat the above process adding the required 
number of vertices. 0 
As a result of this theorem we know that there are no subgraphs that would impede the 
construction of an (a, d)-antimode graph. The technique in Theorem 3.1 can also be used to 
construct (a, d)-antimode graphs with eccentric sequence of the form (rad(G), rad(G)+l) by 
simply adding Idl vertices to the periphery (or centre if d < 0) of a bimodal graph. 
4 Open Problems 
Open Problem 1 Prove that there are no equisequential anti mode graphs with eccentric se-
quence of length 2 except for (1,2) and (2,3) (or find one). 
Open Problem 2 Are there unicyclic equisequential antimode graphs of the form (r, r + 
1,r + 2) for r even (r > 4)? 
A graph in which each vertex v has a unique vertex at distance e( v) is called an uniq'ue 
eccentric point (uep) graph. 
Parthasarathy and Nandakumar [6] investigated the properties of uep graphs and further-
more defined an m-eccentric point (m-ep) graph to be the graph G with IE(v)1 = m for every 
v E V(G). 
Figure 5 depicts a uep decreasing (a,d)-antimode graph with the eccentric sequence 
(35 ,44 ). 
Open Problem 3 Can we always find a uep graph for an (a,d)-antimode graph, where 
d -# O? 
Open Problem 4 Can we always find a m-ep graph for an (a,d)-antimode graph, where 
d -# O? 
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Figure 5: (5,-I)-antimode2 uep graph. 
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